We systematically calculate the spontaneous fission half-lives for heavy and superheavy nuclei between U and Fl isotopes. The spontaneous fission process is studied within the semi-empirical WKB approximation. The potential barrier is obtained using a generalized liquid drop model, taking into account the nuclear proximity, the mass asymmetry, the phenomenological pairing correction, and the microscopic shell correction. Macroscopic inertial-mass function has been employed for the calculation of the fission half-life. The results reproduce rather well the experimental data. Relatively long half-lives are predicted for many unknown nuclei, sufficient to detect them if synthesized in a laboratory.
Spontaneous fission of heavy nuclei was first predicted by Bohr and Wheeler in 1939 [1] .
Their fission theory was based on the liquid drop model. Interestingly, their work also contained an estimate of a lifetime for fission from the ground state. Soon afterwards, Flerov and Petrzak [2] presented the first experimental evidence for spontaneous fission. Since this discovery of spontaneous fission of 238 U, fission of numerous other actinide nuclei have been reported experimentally [3] . Several theoretical approaches, both phenomenologically and microscopically, can be employed to investigate spontaneous fission. Early descriptions of fission were based on a purely geometrical framework of the charged liquid drop model [1] . In 1955 Swiatecki [4] suggested that more realistic fission barriers could be obtained by adding a correction energy to the minimum in the liquid drop model barrier. The correction was calculated as the difference between the experimentally observed nuclear ground-state mass and the mass given by the liquid drop model. Swiatecki obtained much improved theoretical spontaneous fission half-lives based on these modified liquid drop model barriers. These observations formed the basis for the shell-correction method. In the mid-1960s, Strutinsky [5, 6] presented a method to theoretically calculate these shell corrections. Quantum shell effects are added to the average behavior described by the liquid drop. This macroscopicmicroscopic approach turned out to be very successful in explaining many features of spontaneous fission [7] [8] [9] . As compared to α-decay, the spontaneous fission is much more complex and there are some data such as mass and charge numbers of the two fragments, number of emitted neutrons and released energy, ...which are very difficult to reproduce. The full microscopic treatment of such a multidimensional system is extremely complex. In particular, a microscopic calculation of spontaneous fission half-lives is very difficult due to both the complexity of the fission process and the uncertainty on the height and shape of the fission barrier [10, 11] . Indeed, the deformation energy of the nucleus undergoes a significant change when the nuclear shape turns into a strongly deformed configuration of two fragments in contact at the scission point. Furthermore, it is known that the spontaneous fission half-life is very sensitive to small changes of the various quantities appearing in the calculations.
Spontaneous fission is one of the most prominent decay modes, energetically feasible for heavy and superheavy nuclei(SHN). Recently, the spontaneous fission half-lives of several SHN have been measured by different laboratories [12] [13] [14] [15] [16] [17] . The fission as well as α-decay probability determines the stability of these newly synthesized SHN.
Within a Generalized Liquid Drop Model (GLDM) taking into account the mass and charge asymmetry and the proximity energy, the deformation energy of compact and creviced shapes have been determined. The proximity forces strongly lower the deformation energy of these quasimolecular shapes and the calculated fission barrier heights agree well with the experimental results [18] [19] [20] [21] . Within the same approach, the α-decay [22] [23] [24] [25] , cluster emission [26] and fusion [27] data can also be reproduced.
The present work is closely connected with the intensive experimental activity on the synthesis and study of heavy and SHN in recent years. It aims at the interpretation of existing experimental fission half-lives and in predictions of half-lives of yet unknown nuclei.
By using the GLDM and taking into account the ellipsoidal deformations of the two different fission fragments and their associated microscopic shell corrections and pairing effects, we have systematically calculated the spontaneous fission half-lives of nuclei in the mass region from 232 U to 286 Fl by considering all the possible mass and charge asymmetries.
The study is focused on quasimolecular shapes since these shapes have been rarely investigated in the past. Indeed, this quasimolecular shape valley where the nuclear proximity effects are so important is inaccessible in using the usual development of the nuclear radius.
Furthermore, microscopic studies within HFB theory cannot describe the evolution of two separated fragments and cannot simulate the formation of a deep neck between two almost spherical fragments. The reproduction of the proximity energy is also not obvious within mean-field approaches and the definition of the scission point is not easy for very elongated shapes.
The paper is organized as follows. The selected shape sequence and macroscopic-microscopic model are described in Section 2, results and discussions are given in Section 3, and conclusions and summary are presented in Section 4.
2 Shape sequence and macroscopic-microscopic model
Quasimolecular shapes
The shape is given simply in polar coordinates (in the plane φ = 0) by [28] 
where c 1 and c 2 are the two radial elongations and a is the neck radius. Assuming volume conservation, the two parameters s 1 = a/c 1 and s 2 = a/c 2 completely define the shape. The radii of the future fragments allow to connect s 1 and s 2 :
When s 1 decreases from 1 to 0 the shape evolves continuously from one sphere to two touching spheres with the natural formation of a deep neck while keeping almost spherical ends. So, we would like to point out that the most attractive feature of the quasimolecular shapes is that it can describe the process of the shape evolution from one body to two separated fragments in a unified way.
GLDM energy
Within GLDM the macroscopic energy of a deformed nucleus is defined as
where the different terms are respectively the volume, surface, Coulomb and nuclear proximity energies.
For one-body shapes, the volume E V , surface E S and Coulomb E C energies are given by
5)
B C is the Coulomb shape dependent function, S is the surface and I is the relative neutron excess.
where V (θ) is the electrostatic potential at the surface and V 0 is the surface potential of the sphere. The effective sharp radius R 0 has been chosen as
This formula proposed in Ref. [29] is derived from the droplet model and the proximity energy and simulates rather a central radius for which R 0 /A 1/3 increases slightly with the mass. It has been shown [22, 27] that this selected more elaborated expression can also be used to reproduce accurately the fusion, fission, cluster and alpha decay data.
For two-body shapes, the coaxial ellipsoidal deformations have been considered [30] .
The system configuration depends on two parameters: the ratios s i (i = 1, 2) between the transverse semi-axis a i and the radial semi-axis c i of the two different fragments
The prolate deformation is characterized by s≤1 and the related eccentricity is written as e 2 = 1 − s 2 while in the oblate case s≥1 and e 2 = 1 − s −2 . The volume and surface energies
In the prolate case, the relative surface energy reads
and in the oblate case
where
The Coulomb self-energy of the spheroid i is
The relative self-energy is, in the prolate case
14)
The Coulomb interaction energy between the two fragments reads
, r is the distance between the two mass centers.
In the prolate case, s(λ i ) is expressed as 16) while for the oblate shapes
where ω
S(λ 1 , λ 2 ) can be represented in the form of a two-fold summation
The surface energy results from the effects of the surface tension forces in a half space.
When a neck or a gap appears between separated fragments an additional term called proximity energy must be added to take into account the effects of the nuclear forces between the close surfaces. It moves the barrier top to an external position and strongly decreases the pure Coulomb barrier:
h is the transverse distance varying from the neck radius or zero to the height of the neck border, D is the distance between the opposite surfaces in consideration and b is the surface width fixed at 0.99 fm. Φ is the proximity function. The surface parameter γ is the geometric mean between the surface parameters of the two fragments.
Shell energy
The shape-dependent shell corrections have been determined within the Droplet Model expressions [31] :
where α 2 = (δR) 2 /a 2 . The distortion αa is the root mean square of the deviation of the surface from a sphere, a quantity which incorporates all types of deformation indiscriminately.
The range a has been chosen to be 0.32r 0 . The whole shell correction energy decreases to zero with increasing distortion of the nucleus due to the attenuating factor (e −α 2 ). The
Strutinsky method at large deformations supposes that the nucleon shells are not affected by the proximity effects, which is highly improbable when there are a deep neck in the deformed shape and close surfaces in regard.
The E sphere shell is the shell corrections for a spherical nucleus,
and is obtained by the Strutinsky method by setting the smoothing parameter γ = 1.15 ω 0 and the order p = 6 of the Gauss-Hermite polynomials, where ω 0 = 41A −1/3 MeV is the mean distance between the gross shells, the sum of the shell energies of protons and neutrons.
Meanwhile, we introduce a scale factor c to the shell correction. In this work, we choose c = 0.82. To obtain the shell correction E sphere shell , we calculate the single-particle levels based on an axially deformed Woods-Saxon potential and then apply the Strutinsky method. The single-particle Hamiltonian is written as [32] ,
with the spin-orbit potential 24) where M is the free nucleonic mass, σ is the Pauli spin matrix and p is the nucleon momentum. λ means the strength of the spin-orbit potential. Here we set λ = λ 0 (1 + N i /A) with N i = Z for protons and N i = N for neutrons and λ 0 value of 26.3163. The central potential V is described by an axially deformed Woods-Saxon form
where the depth V q of the central potential (q = p for protons and q = n for neutrons) is written as 
The values of c sym and κ are 29.2876 and 1.4492, respectively [33] .
Pairing energy
The shape-dependent pairing energy has been calculated with the following expressions of the finite-range droplet model [34] .
For odd Z, odd N numbers :
For odd Z, even N numbers :
For even Z, odd N numbers :
For even Z, even N numbers :
The relative surface energy B s , which is the ratio of the surface area of the nucleus at the actual shape to the surface area of the nucleus at the spherical shape, is given by
The pairing energies vary with B s .
Within this asymmetric fission model the decay constant is simply given by λ i = ν 0 P i , and the assault frequency ν 0 has been taken as ν 0 = 10 20 s −1 . The barrier penetrability P i is calculated within the action integral 
Results and discussions
The spontaneous fission half-lives of nuclei from 232 U to 286 Fl have been systematically calculated by using the GLDM taking into account the microscopic shell corrections and the shape-dependent pairing energy. The results are listed in Table 3 To illustrate the agreement between the calculations and the experimental data clearly, the comparison of the calculated spontaneous fission half-lives with the experimental data is shown in Fig.2 . The absolute values of log 10 (T 1/2 (cal.)/T 1/2 (exp.)) are generally less than the factor 2, this means that the experimental spontaneous fission half-lives are well reproduced.
Here the significant deviations between theoretical calculations and experimental data occur Rf, the deviations are a little larger. Such a large deviation seems due to the sub-magic neutron shell closure at N = 152. To illustrate more clearly that N = 152 is the sub-magic neutron shell closure, α-decay half-lives have been calculated within a tunnelling effect through a potential barrier determined by the GLDM and the WKB approximation. Fig. 3 represents the plot connecting calculated α-decay half-lives against neutron number of the even-even parent isotopes with Z ranging from 98 to 108.
Two peaks appear at N = 152 and N = 162. In α and cluster emission it is found that halflife has the minimum value for those decays which lead to doubly magic daughter [37] [38] [39] [40] .
Therefore the peaks at N = 152 and N = 162 indicate the presence of shell closures at these values. We would like to point out that many authors [41] [42] [43] [44] [45] have predicted sub-magic neutron shell closures at N = 152 and N = 162. The deviation for 264 Hs seems indicate that there is a proton shell closure for Z = 108. The macroscopic-microscopic model has predicted that 270 Hs is a deformed doubly magic nucleus [46] . Recently, shells at N = 162 neutrons and Z = 108 protons were predicted by GLDM [47] . These predictions have been supported by experiments [48] [49] [50] . The spontaneous fission process is complex and there are large uncertainties existing in the fission process, so one may consider that the slightly larger deviations of 10 4 for few nuclei are acceptable [54] . with the results from Ref. [11] and with the experimental values [36] . Solid triangles represent experimental data and solid circles denote the present calculated half-lives. Open circles show the results from Ref. [11] , in which the Yukawa-plus-exponential model for the macroscopic part of the potential energy and the Strutinsky shell correction, based on the Woods-Saxon single-particle potential, for the microscopic part are employed. The trend of theoretical results from Ref. [11] follows well the experimental ones. However, these values [11] are systematical larger than the experimental ones and larger than ours by up to about six orders of magnitude. The difference seems to originate mainly from the shell corrections.
In our approach the shell corrections have been introduced as defined in the Droplet Model [31] with an attenuation factor. Using this approach, shell corrections only play a role clearly demonstrated within a single-particle model with pairing corrections [51, 52] that, for two separated spheroids, the shell effects are strongly diminished since they are properties of valence nucleons and that the orbital of which are strongly perturbed by the nuclear proximity potential. Thus, as soon as the shape is creviced, the application of the standard shell corrections to the liquid drop model energy seems to overestimate the veritable shell effects which are partially destroyed by the proximity forces. By comparing the present results of spontaneous fission half-lives with the results from Ref. [11] , we would like to point out that our calculated values better reproduce the experimental data. and odd-odd nuclei with the results from Ref. [53] and with the experimental values [36] .
Solid triangles represent the calculated spontaneous fission half-lives from Ref. [53] , in which the phenomenological formula for spontaneous fission half-lives is given by Since the present calculated half-lives agree well with the experimental ones, the calculations are extended to provide some predictions for spontaneous fission half-lives, which will be useful for future experiments to synthesize and detect the new SHN. The predictions are
shown for Z=114-120 isotopic chains in Table 4 . For some SHN, the spontaneous fission half-lives are long enough to be measured with the present experimental setups. 
